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A CALCULATION METHOD FOR WINGS I N  STEADY 
OR UNSTEADY SUPERSONIC FLOW 

(1, 2) J. M. Brun-Gabriel 

ABSTRACT. I n  t h i s  paper i s  presented a wing calcula- 
t i o n  method which, based on t h e  source supersonic  method, 
seeks i t s  p r e c i s i o n  through a r e f ined  r ep resen ta t ion  of t h e  
l ead ing  and t h e  t r a i l i n g  edge shape, and a l s o  through t h e  
systematic  study of t h e  s i n g u l a r i t i e s  at t h e  leading edge. 

The b e n e f i t  obtained from t h e  precautions taken through 
a thorough study of t h e  causes of e r r o r  i s  ou t l ined .  A few 
examples of s teady and unsteady flows are presented, and.com- 
pa r i sons  are made with previously used methods. 

After-;a preliminary work done on t h e  e lec t r ic  c a l c u l a t o r ,  
designed a t  t h e  C.N.R.S. Analog Computation Center f o r  s u r f a c e  
i n t e g r a t i o n ,  a program has been w r i t t e n  f o r  t h e  Univac 1108 
computer. This program permits a systematic  e x p l o i t a t i o n  
thanks t o  t h e  wide gene ra l i t y  of the  method and t o  t h e  very 
s h o r t  computing t i m e  involved. 

Key words (NASA thesaurusy: Wings - A i r f o i l s  - Leading 
edges - T r a i l i n g  edges - Computer programming - Univac 1108 
computer - Steady flow - Unsteady f low-  Supersonic flow. 

,Notat ion Used 
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: Mach number a t  i n f i n i t y  upstream 

: v e l o c i t y  vec to r  

/3* 

/4 

* 
Numbers i n  t h e  margins i n d i c a t e  paginat ion i n  t h e  o r i g i n a l  fo re ign  t e x t .  

Centre de Calcul Analogique de Centre Nat ional  de l a  Recherche Scien- 
t i f i q u e  (Center f o r  Analog Computation, Nat ional  Center f o r  S c i e n t i f i c  Research), 
29, avenue de l a  Division Leclerc, 92-Chatillon. 

which w i l l  b e  defended soon. 
(2) This a r t ic le  is  t h e  s u b j e c t  of a t h e s i s  f o r  t h e  Ph.D. examination 
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n f i = -  

c n  

n x n  

6 C  = Cz (ca lcu la ted)  - C 
Z z 

: ve loc i ty  modulus a t  i n f i n i t y  upstream. 

: per turba t ion  ve loc i ty  along t h e  x ,  y ,  z ~ 

axes.  *u 

: speed of sound i n  unperturbed flow. 

: t i m e .  

: per turba t ion  ve loc i ty  p o t e n t i a l .  

: coordinates  of a cur ren t  po in t .  

: coordinates a f t e r  Prandtl-Glauert t r ans f  or- 

.- 

mation - 
: c h a r a c t e r i s t i c  coordinates .  

: length of t h e  s i d e  of a square i n  t h e  
. 

axes, and of t h e  diagonal i n  the x, y axes. 
: r e a l  and imaginary inf luence  coe f f i c i en t s .  

: t runca t ion  c o e f f i c i e n t s  wi th in  t h e  wing. 

: t runca t ion  c o e f f i c i e n t s  on t h e  cu r ren t  shee t  

: c o e f f i c i e n t s  of t h e  development of w on t h e  

: pressure c o e f f i c i e n t ,  p = pressure  
p = densi ty .  

upstream. 

cur ren t  shee t  upstream. 

: drag c o e f f i c i e n t .  

: l i f t  coe f f i c i en t .  

: moment c o e f f i c i e n t .  

: wing sur f  ace. 

: center  chord. 

: v i b r a t i o n a l  frequency. 

: reduced frequency . 
: c h a r a c t e r i s t i c  frequency. 

: number of squares  i n  t h e  d iv is ion .  

( a n a l y t i c ) .  

6 C  ...= cmx (ca lcu la ted)  - C ( ana ly t i c ) .  

R( 1 : real p a r t  o f .  

I( 1 

mx mx 

: imaginary p a r t  of .  



Abbreviations Used 

T. P. : thickness  problem. 

L. P .  : l i f t  problem. 

L. E. : l ead ing  edge. 

T. E. : t r a i l i n g  edge. 

T. S. : t runca ted  square.  

I. In t roduct ion  

The source method has  been proposed by Puckett  [ l ]  f o r  ca l cu la t ing  t h e  thick- 

ness  e f f e c t  i n  s teady supersonic  flow. This method is  e a s i l y  appl ied t o  t h e  

l i f t  e f f e c t  when t h e  leading edge i s  supersonic ;  - d i f f i c u l t i e s  appear i n  t h i s  

app l i ca t ion  when t h e  leading edge becomes subsonic whether o r  not t h e  flow be 

s t a t iona ry .  For s teady flow, Eward [2] has  proposed t h e  well-known method of 

r e f l e c t i o n s ,  whi le  Hancock [3] p re fe r s  i nve r t ing  an i n t e g r a l  equation; t hese  

two methods have a l imi t ed  range of appl ica t ion .  

and Rubinow [4] showed t h e  p o s s i b i l i t y  of using d i s t r i b u t i o n s  of impulse sources ,  

which Pines and Dugundji [SI i n t eg ra t ed  numerically by t h e  "box" method. T a  L i  

[6] proposed boxes whose diagonals are Mach l i n e s ,  while  Zar ta r ian  [7] pre fe r r ed  

t o  use (along wi th  Eward)  c h a r a c t e r i s t i c  coordinates  which determine a la t t ice  

p a r a l l e l  t o  t h e  Mach l i n e s .  More r ecen t ly ,  S t a rk  [8] used a method similar t o  

t h a t  of Za r t a r i an  by i n s i s t i n g  on i n f i n i t i e s  i n  t h e  cur ren t  shee t  upstream, 

whereas Fenain [SI i nve r t ed  th.e i n t e g r a l  formula a f t e r  making it  d i sc re t e .  

'i 

For unsteady flows, Garrick 

In a l l  these  methods of ca l cu la t ion ,  which have l e d  t o  numerical izat ion,  
, 

an accuracy of about 5% can be  achieved. Improvement i n  t h e  accuracy cannot be 

expected by increas ing  t h e  f ineness  of t h e  d iv i s ion ,  s i n c e  computation t i m e  in- 

creases much f a s t e r  than accuracy; a systematic  s tudy of causes of e r r o r  and of 

appropr ia te  co r rec t ions  w a s  t he re fo re  launched at  t h e  C.C.A. of t h e  C.N.R.S. i n  

1961. 

The so lu t ion ,  f a i r l y  r ap id ly  developed f o r  s teady  flows [10],was s u f f i -  

c i e n t l y  promising t h a t  cons t ruc t ion  of an electric computer adapted ' t o  unsteady 
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problems w a s  decided upon. It i s  due t o  t h i s  computer t h a t  t h e  method described 

here  w a s  determined; when these  r e s u l t s  w e r e  presented t o  M r .  D a t ,  he encouraged 

m e  t o  t ranspose t h i s  method f o r  use i n  a l a r g e  computer. This t r anspos i t i on  w a s  

r ecen t ly  accomplished f o r  t h e  Univac 1108 

of theirnethod. 

which allows systematic  exp lo i t a t ion  

11. Formulation of t h e  Problem 

Consider a flow f o r  which t h e  Mach number a t  i n f i n i t y  upstream i s  M ,  1. 

Because of t he  assumption t h a t  per turba t ions  are s m a l l ,  i t  is  poss ib l e  t o  l inea-  

r i z e  the .equat ions  and t h e  boundary condi t ions.  It is  on t h e  plane z = 0,  

c a l l e d  t h e  wing plane,  t h a t  t he  boundary condi t ions w i l l  be w r i t t e n  (Figure 1). 

I n  terms of t h e  f a c t o r  U, t h e  ve loc i ty  modulus a t  i n f i n i t y ,  t h e  ve loc i ty  a t  ‘any 

poin t  i s  wr i t t en :  

* 
u, v,  and w are derived from the  v e l o c i t y  per turba t ion  p o t e n t i a l  $ which satis- 
f ies 

with 

The second term of t h i s  equation i s  zero when t h e  flow does not  depend on 

t h e  t i m e  t . 

The source method gives  an i n t e g r a l  so lu t ion  of ( 1 ) - i n  the  form 
# 

+ The number 0 i n d i c a t e s  t h a t  t h e  so lu t ion  is  ca lcu la ted  on t h e  wing i n  t h e  

upper half-space; it i s  convenient t o  consider  t h e  lower half-space by separa- 

t i n g  t h e  thickness  problem (T. P . ) ,  f o r  which @I is  even i n  z ($ 

l i f t  problem (L. P . ) ,  f o r  which $ i s  odd i n  z ($ 

+ 
= c$-)~ and t h e  

+ 
= -$-). 
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Figure 1. 

Figure 2 .  

The q u a n t i t i e s  T and -r2 can be expressed as func t ions  of t he  space 1 
var i ab le s  : 9 

It should be  noted t h a t  i n  t h e  s teady-state ,  t h e  waves emitted a t  (t - 

. 

(3) 

=1) 
and ( t  - T ) are i d e n t i c a l ,  which makes them indis t inguishable ,  and s o l u t i o n  

(2) i s  w r i t t e n  
2 

Whefher t h e  problem be s teady  o r  unsteady, t h e  domain of i n t e g r a t i o n  H is  

defined as t h e  por t ion  of t h e  p lane  z = 0 which is  simultaneously i n  the  f r o n t  

Mach cone of po in t  (x,  y) and per turbed by t h e  wing (Figure 2 ) .  

t a l l y  hatched zones can be  ignored f o r  t h e  T. P. s i n c e  t h e  p a r i t y  of $ makes 

w = 0 ou t s ide  t h e  wing. ' I n  c o n t r a s t ,  f o r  t h e  L. P. $ is  odd, and s o  is  zero  on 

these  sur faces .  

The horizon- 

Then an inve r se  problem must be solved t o  determine w. 

/5 

For c l a r i t y  of exposi t ion,  s teady  flows w i l l  be  t r e a t e d  f i r s t ,  then un- 

s teady  flows i n  t h e  balance of t h e  paper. 

5 



Figure 3.  

111. Steady Flows 

111.1. Def in i t ion  of Coordinate 
Axes 

To d e a l  with orthogonal Mach 

l i n e s ,  a. Prandtl-Glauert t ransfor -  

mation can be performed: 

(5) x = x ,  Y = ?y, z = $2. 

Solut ion ( 4 )  i s  then w r i t t e n  

On choosing c h a r a c t e r i s t i c  axes centered on X Yo, t h i s  expression is  
0 ’  

s impl i f i ed  and t h e  limits of i n t e g r a t i o n  are conveniently expressed: 
* U 

h = (Y - Yo) - (X - X,) zz Y - X $. z I I* = - (Y - Yo)  - (X - X,) = - Y - Ii -+ nL ( 6 )  

The q u a n t i t i e s  1 and m are t h e  coordinates  of t h e  former o r i g i n  i n  t h e  new 

axes,  while  L and M are t h e  te rmina l  l i m i t s  of t h e  per turbed domain (Figure 3 ) .  

111.2. Placing t h e  Lattice 

The d iv i s ion  chosen f o r  ca l cu la t ion  of t h e  i n t e g r a l  is q u i t e  n a t u r a l l y  

paral le l  t o  t h e  new A ,  1 ~ .  axes and thus t o  t h e  Mach l i n e s .  

def ine  two latt ices:  t h e  f i r s t ,  f i xed  t o  t h e  wing, carries t h e  boundary condi- 

t i o n s  i n  d i s c r e t e  form; t h e  second c o n s t i t u t e s  t h e  region of i n t eg ra t ion ,  which 

contains  t h e  inf luence  c o e f f i c i e n t s .  The i n t e g r a l  so lu t ion  is  ca lcu la ted  at 

each node’ of t h e  wing la t t ice  using a form approximated by f i n i t e  summation: 

It i s  des i r ab le  t o  

6 



where 

h 
and 

I n  t h e  program f o r  numerical computation it i s  an t i c ipa t ed  t h a t  t h e  analy- 

t i c  expression of t h e  L.E. and t h e  T.E. can vary from t h e  root  t o  t h e  t i p .  I n  

p r a c t i c e  i t  is  s u f f i c i e n t  t o  spec i fy  the  number and pos i t i ons  of t h e  junc t ion  

po in t s  and the  parameters which def ine  arcs of second-degree curves f o r  t h e  L.E., 
and of s t r a i g h t  segments f o r  t h e  T.E. Such a d e f i n i t i o n  of t h e  T.E. seems suf- 

f i c i e n t  s i n c e  i t  i s  genera l ly  provided with f l a p s ,  which leads  t h e  manufacturers 

t o  generate  i t  by s t r a i g h t  segments. Further ,  i f  t h e  study of a p a r t i c u l a r  

case would propose a curved T.E. ,  absence of a s i n g u l a r i t y  i n  t h e  cur ren t  shee t  

downstream would allow approximation with good accuracy without having t o  use 

too  many segments. 

. _-- 

‘7’ 

After  t h e  program has read t h e  se t  of Mach numbers f o r  which t h e  ca l cu la t ion  

is  t o  be made, i t  takes  them one by one, carries out t h e  Prandtl-Glauert t rans-  

formation, and determines t h e  c h a r a c t e r i s t i c  square circumscribing t h e  wing 

(Figure 4 ) .  
of t h e  des i red  d iv is ion .  

The wing l a t t i ce  is  then constructed as a func t ion  of t h e  f ineness  

By consider ing t h e  symmetry o r  antisymmetry i n  Y,one can general ly  l i m i t  

t h e  ca l cu la t ion  t o  those  po in t s  of t h e  wing where Y 2 0 ,  which moreover leads  

t o  a determination of t h e  p r e c i s e  limits f o r  t h e  ca l cu la t ion  of 4 o r  of t he  i n - ,  

f luence c o e f f i c i e n t s  k A l l  t hese  precaut ions avoid ca l cu la t ion  of Cp at  use- 

less po in t s ,  and where t h e  number of squares appearing i n  t h e  f i n i t e  sum is 

g rea t e s t .  The l i m i t  t o  t h e  ca l cu la t ion  of t h e  k is  e spec ia l ly  important f o r  

unsteady problems where t h e  t a b l e  of t he  k i s  r e a l l y  a double index, and rep- 

r e sen t s  a s u b s t a n t i a l  p a r t  of t h e  computing t i m e .  

- 

* 
Pq‘ 

P9 

P9 
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I n  p r a c t i c e ,  t h e  lack  of accuracy i s  

c a l  c u l  a- 
t i o h  of 

X 

Figure 4 .  

111.3. Lack of Prec is ion  Due t o  
Discre te  In t eg ra t ion  * 

' W  

Discre te  i n t e g r a t i o n  gives  an 

exact r e s u l t  only i f  t h e  func t ion  t o  

be in t eg ra t ed  is e f f e c t i v e l y  constant  

on each element of area; Since t h e  

s i n g u l a r i t i e s  i n  t h e  ke rne l  are in- 

cluded i n  t h e  computation of t h e  in- 

f luence c o e f f i c i e n t s  k i t  is  only 

t h e  v a r i a t i o n s  of w ( A ,  v) which can 

lead  t o  l ack  of accuracy. 

Pq , 

s l i g h t  i f  w(X, 11) is  continuous, and 

a reasonably f i n e  d iv i s ion  (20 x 20) allows good accuracy (0.5%). A r a t h e r  f i n e  

d iv i s ion  i s  a l s o  necessary f o r  good evaluat ion of t h e  o v e r a l l  values .  

t ras t ,  a d i scon t inu i ty  i n  t h e  s lope  leads t o  l a r g e  e r r o r s ,  ca l l ed  t runca t ion  

e r r o r s ,  which genera l ly  appear  a t  t h e  L.E. This d i scon t inu i ty  can be f i n i t e  

( f o r  a T.P. o r  f o r  an L.P. a t  a supersonic  L.E.) o r  i n f i n i t e  ( f o r  an L.P. along 

a subsonic  L.E.). This last case is  t h e  more t i c k l i s h  t o  treat, s i n c e  t h e  in- 

f i n i t e  s lopes  are t o  be  determined by so lv ing  an inve r se  problem: as has  been 

shown i n  Sect ion 11, t h e  condi t ion t o  be imposed outs ide  t h e  wing is  4 = 0. 

I n  con- 

Most computational methods have sought t o  avoid t h e  necess i ty  of point-by- 

poin t  invers ion  ou t s ide  t h e  wing. The most general  and most e legant  of t hese  

w a s  proposed by M. Fenain and D. Guiraud-Vall6e [9]. By considering t h a t  a l l  

t he  squares are completely f i l l e d ,  and t h a t  t h e  s lope  is  constant  on each square,  

they could i n v e r t  t h e  l i n e a r  t ransformation which gives 4 as a func t ion  of w. 

Having thus computed t h e  inverse  inf luence  c o e f f i c i e n t s ,  they could express 4(P) 

on the  wing as a func t ion  of t h e  s lope  of t h e  square whose downstream extension 

is  a t  P ,  and of previously computed values  of 9 upstream from P. This avoids 

computing s lopes  ou t s ide  the  wing, and saves computer t i m e ,  e spec ia l ly  i f  t h e  

Mach number is small. However, t o  ob ta in  very accura te  r e s u l t s  would r equ i r e  

much too f i n e  a d iv is ion:  

computer t i m e .  

8 

i t  would overload t h e  memory and r equ i r e  too much 



x For such a more s u b t l e  

ana lys i s  i t  i s  necessary t o  con2 

s i d e r  t h e  exact form of t h e  L.E. 
Y f I 

3 
1 
5 

(not t o  consider t h a t  a l l  t h e  

squares are completely f i l l e d ) ;  

i t  i s  a l s o  necessary not  t o  neg- 

l e c t  t he  form of t h e  l o c a l  in- 

f i n i t i e s  (not t o  suppose t h a t  

t he  s lope  i s  constant  over , 

each square}. 
:3 Figure 5. 
a 

111.4. Inf luence of That Por t ion  of a Truncated Square Which Is I n s i d e  
t h e  Wing 

This i s  t h e  only p a r t  which has  any inf luence  i n  t h e  T.P.,  o r  when t h e  L.E. 

i s  supersonic ,  because w = 0 outs ide  the.wing. 

It can be considered t h a t  t h e  s lope  is  constant  on t h e  wing and t h a t  t h e  

L.E. is a s t r a i g h t  l i n e  wi th in  any one t runca ted  square (T.S.). A T.S. is  thus 

subdivided i n t o  two t rapezoids  (Figure 5) .  

It i s  then easy t o  c a l c u l a t e  t he  t runca t ion  c o e f f i c i e n t s  Kpq, where t h e  
j 

index j relates t o  t h e  form of t h e  T.S. under cons idera t ion ,  and pq i t s  p lace  

i n  the  region of i n t eg ra t ion .  

This computation could b e  c a r r i e d  out f o r  each square j and each pos i t i on  

pq, i . e . ,  €o r  each poin t  of t h e  ca lcu la t ion .  

This s o l u t i o n  would be  incontes tab ly  accura te ,  bu t  i t  would considerably 

inc rease  t h e  computation t i m e .  

9 



I f  t h e  c o e f f i c i e n t s  Kpq are not  equal t o  t h e  cross-hatched areas of t h e  /7 
j 1 -  wing i n  Figure 5 ,  it i s  p r i n c i p a l l y  because of s i n g u l a r i t i e s  i n  the  ke rne l  - 

These s i n g u l a r i t i e s  l i e  on t h e  l i n e s  A = 0 andc p = 0 ,  s o  i t  is  l o g i c a l  t o  make 

s u r e  t h a t  t h e  v a r i a t i o n  of Kpq i s  small  f o r  a l l  computational po in t s  where, f o r  

example, p = 0 and q # 0. 

d i f f e rence  6K? between KO1 and KOq is  va r i ab le ;  bu t  i f  t h i s  d i f f e rence  increases  

with q,  i t  is  weighted with t h e  inf luence  c o e f f i c i e n t  K 

q increases .  

c i e n t  k = 1. 

w 

h j 
Depending on t h e  form of t h e  T.S. considered, t h e  

J j j 
which decreases when 

SK! i)L 0.001, t o  be  compared t o  the  inf luence  coef f i -  
oq 

F ina l ly ,  k 
oq J 

00 

Because of t h i s  f a c t ,  i t  is  s u f f i c i e n t  t o  compute four  _ _  -- constants  __ - f o r  each- 

T.S. once and f o r  a l l  a t  t h e  beginning of t h e  computation. 

The c o e f f i c i e n t  K! 5 S i s  t h e  p ropor t iona l i t y  constant  a t  t h e  i n t e r i o r  J i n t  
su r f ace  of t h e  square. 

Depending on t h e  values  of p and q (i.e., t h e  po in t  of computation), one 
i 
3 

of these  four  constants  K .  i s  chosen. 

111.5. Inf luence of I n f i n i t e  Discont inui t ies  

Two cases can b e  presented: L.E. curved, o r  L.E. subsonic i n  an L.P. 

I n  t h e  case of a curved L.E., t h e r e  i s  a d i r e c t  problem, s ince  t h e  curve 

i s  known; t h i s  e f f e c t  can be computed sepa ra t e ly ,  which adds a contour i n t e g r a l  

(not t r e a t e d  here) .  

considered f u r t h e r .  

The suc t ion  e f f e c t  of a curved subsonic L.E. w i l l  not  be 

For a sub.sonic L.E. i n  t h e  L.P., t h e  problem is mixed, and t h e  i n f i n i t y  of 

t h e  cu r ren t  su r f ace  cannot be t r e a t e d  sepa ra t e ly  - i t  is  included i n  t h e  

10 



so lu t ion  of t h e  inverse  problem which. 

allows the  condi t ion 4 = 0 t o  be satis-" 

f i ed  out s i d e  t h e  wing. 

Further ,  t h e  L.E. determines t h e  

t runca t ion  of many squares  before  the  

condi t ion 4 = 0 can be wr i t t en .  The 

problem i s  thus indeterminate  (Figure 6) .  p = 0  
Figure 6 .  

By neglec t ing  t h e  curvature  of t he  

cur ren t  su r f ace  it i s  poss ib l e  t o  assume t h a t  t h e r e  i s  a constant  average s lope  

on t h e  po r t ion  of t h e  T.S. ou ts ide  t h e  wing. The indeterminacy i s  then removed! - 

by t h e  f u r t h e r  supposi t ion t h a t  t h i s  average s lope  does not  vary from one square 

t o  another.  

. -  

Such a procedure+correctly represents  t h e  L.E. thanks t o  the  c o e f f i c i e n t s  

K .  and (1 - K . )  which a f f e c t  t he  p a r t s  i n t e r i o r  and e x t e r i o r  t o  t h e  wing, res- 

pec t ive ly .  However, t h e  o v e r a l l  r e s u l t s  are mediocre, as can be an t i c ipa t ed  

from the  o s c i l l a t i o n  of t h e  values  of C which can be as much as 50%. This 

o s c i l l a t i o n  is  two o r  t h r e e  t i m e s  smaller than i f  t h e  form of t h e  T.S. i s  not  

i i 
J J 

P 3  

considered, and it  expresses the  inf luence  of t h e  curvature  of t he  cur ren t  shee t  

near  t h e  L.E. 

The t runca t ion  c o e f f i c i e n t s  "upstream" must then inc lude  no t  only the  f o m  

of the  t runca t ion ,  b u t ' a l s o  t h e  curvature  of t he  cu r ren t  shee t :  

Because of t he  predominant in f luence  of t he  s i n g u l a r i t y  l i n e s ,  four  coef- 

f i c i e n t s  A .  are enough. They are def ined by t h e  same process as the  K . i i 
J j 

Study of con ica l  flow [ll] provides knowledge of t h e  form of t h i s  cur ren t  

sheet .  Carrying out a . l i m i t e d  development, one f inds :  

11 



where w i s  the angle  of a t t a c k  of t h e  wing, and d i s  the  d is tance  between t h e  

L.E. and t h e  poin t  of t he  cur ren t  shee t  where w is  computed, measured along a 

c h a r a c t e r i s t i c  l i n e  (d = 0 a t  t he  L.E. and d = 1 a t  t h e  apex). Such a develop- 

ment can be ca r r i ed  out  f o r  any wing. 

sweep of t h e  wing, which determines the  " in tens i ty"  of t h e  i n f i n i t y ;  i t  i s  thus 

t h e  same as t h a t  f o r  a con ica l  wing of t h e  same sweep angle.  The c0e f f i c i en t .B  

10 

The c o e f f i c i e n t  K includes . the l o c a l  

3 is  modified t o  inc lude  terms of O(d ) ,  and br ings about t he  f i t  w = 0 a t  the  apex 
I by wr i t i ng  B = -(z+ A + 1). 

t a i n  d i s t ance  from the  L.E. It is  influenced by t h e  shape of t h e  por t ion  of 

t h e  wing which i s  in t e rcep ted  by t h e  forward Mach cone of t h e  poin t  on t h e  lead- 

i n g  edge, as w e l l  as by the  d i s t r i b u t i o n  of s lopes  wi th in  t h i s  po r t ion  of t h e  

wing. It i s  impossible i n  p r a c t i c e  t o  inc lude  a l l  these  parameters, but  even 

a l a r g e  v a r i a t i o n  of A w i l l  automatical ly  be  compensated by t h e  simultaneous 

v a r i a t i o n  of B ,  and i s  expressed only by very s m a l l  d i f f e rences  i n  t h e  propor- 

t i o n a l i t y  r e l a t ionsh ips  among t h e  upstream t runca t ion  c o e f f i c i e n t s  A . 

The c o e f f i c i e n t  A a c t s  on t h e  curvature  a t  a cer- 

-7. 

/8 
i 
j 

. .  
Indeed, only these  p ropor t iona l i t y  

r e l a t i o n s  have any inf luence ,  s ince  t h e  

general  amplitude of t h e  upstream s lopes  

i s  cont ro l led  by t h e  condi t ion + = 0. 

This is why the  choice of t h e  coef f i -  

c i e n t  A corresponding t o  a conica l  wing 

with sweep equal  t o  t h e  mean between 

Overal l  sweep 

/ 
/ 

c 
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, 

\Apex . 

\ 

t h e  l o c a l  and t h e  general  sweep angles 

(Figure 7 )  is a s a t i s f a c t o r y  approxima- 

t i on .  This i s ,  of course,  a b e t t e r  ap- 

proximation than t h a t  of using only t h e  

t e r m  A and making i t  f i t  w = 0 a t  t h e  

apex. 



1 ._ 

Figure 8. 

The o s c i l l a t i o n  of C i s  reduced t o  less than 5% even i f  t h e  flow is no t  
P 

conica l ,  which shows a p o s t e r i o r i  t h e  good b a s i s  of t h e  discussion above. 
+ 

111.6. Prec is ion  Obtained 

The group of co r rec t ions  presented i n  111.4. and 111.3. give t h e  ve loc i ty  

p o t e n t i a l  with anaccuracy  o f - t h e  order  of 0.2% f o r  t h e  thickness  e f f e c t ,  and 

0.5% f o r  t h e  l i f t  e f f e c t  ( r e l a t i v e  e r r o r s  of t h e  l o c a l  values  with respec t  t o  

t h e  maximum va lue  of 4 ) .  Figure 8 gives t h e  d i s t r i b u t i o n  of t hese  e r r o r s  f o r  

var ious  sec t ions  x = constant  f o r  a d e l t a  wing with lozenge p r o f i l e  (T.P.). 

. .  

To compute t h e  o v e r a l l  values  it i s  necessary ’again t o  d i f f e r e n t i a t e  t o  

obta in  C ’ and t o  i n t e g r a t e  t h e  product f ( x ,  y) * C over t h e  e n t i r e  wing. De- 

pending on whether C 
P’ P 

o r  C i s  t o  b e  computed, one takes  x9 ‘mx, Z 

f ( x ,  Y) w(x, y ) ,  f ( x ,  y) = x o r  f ( x ,  y) = 1. 

I n  unsteady flow, f ( x ,  y) w i l l  be  t h e  displacement of t h e  .associated mode f o r  

t h e  computation of t h e  general ized forces .  

l o s e  t h e  accuracy obtained i n  t h e  computation of Cp. 

I n  t h a t  case i t  i s  important no t  t o  

Errors  can be introduced 
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Dis t r ibu t ion  of 
Cx a t  .the T.E. 

A 

Errors  i n  C a t  t h e  T.E. 
X 

Y 

Figure 9.  

1 
from t h e  necess i ty  of i n t e r p o l a t i n g  9 a t  

t h e  L.E. and a t  t h e  T.E. A l i n e a r  inter: 

po la t ion  can be  i n s u f f i c i e n t  a t  t h e  L.E., 

t he  most d e l i c a t e  case being t h a t  where 

t h e  L.E. and T.E. are i n  consecutive 

squares ,  o r  even i n  t h e  same square.  

This o f t en  occurs a t  t h e  wing t i p ,  which 

is  a l s o  a region of high gradien t  of t h e  

o v e r a l l  values .  -The f i n a l  e r r o r  can thus 

become g r e a t e r  than 1% i f  c e r t a i n  pre- 

caut ions concerning t h e  curvature  of 

are not  taken (they w i l l  not be discussed 

here) .  Figure 9 shows, however, t h e  dis-  

t r i b u t i o n  curve of C a t  t h e  T.E. and t h e  
X 

e r r o r  i n  t h a t  d i s t r i b u t i o n  f o r  t h e  wing shown i n  Figure 8. After  i n t e g r a t i o n  

of curve 9 ,  one f inds  C = 2.1086 ( a n a l y t i c  va lue  i s  Cx = 2.10757); t h e  e r r o r  

i n  the  o v e r a l l  value i s  thus 0.05%, which is  explained by a c e r t a i n  compensation 

of e r r o r s  i n  I#I during t h e  f i n a l  i n t eg ra t ions .  

% X  

As Zar t a r i an  has proposed [7 ] ,  it  i s  poss ib le  t o  compute t h e  o v e r a l l  values  

d i r e c t l y ,  without going through C . I n  f a c t ,  t h e  d i f f i c u l t i e s  are the  same, 
P 

and i d e n t i c a l  precaut ions y i e l d  an equivalent  r e s u l t .  

dered t h a t  computation of C is  a supplementary s t e p  whose s o l e  purpose i s  t h e  

l o c a l i z a t i o n  and evaluat ion of t h e  e r r o r s  committed. The corresponding computer 

t i m e  is very s h o r t  i n  t h e  o v e r a l l  scheme, which j u s t i f i e s  use of t h i s  intermedi- 

ate s t ep .  

Thus i t  should be consi- 

P -  

- 

I V .  Unstable Flows 

Thanks t o  harmonic ana lys i s  t h e  s lope  can b e  wr i t t en  

14 



The l i n e a r i t y  of t h e  equations p e r m i t s  study of each case separa te ly ,  and 

f i n a l  summation of t h e  r e s u l t s .  It i s  fundamental t h a t  t h e  m u l t i p l i c i t y  of 

cases t o  be s tudied  requi res  very rap id  so lu t ion  of each one; t h e  so lu t ions  t o  

be adopted must not  be  too burdensome on machine t i m e .  

. .' 

i 

Consider a movement of frequency w; t he  displacement i s  w r i t t e n  

Af te r  transformations i d e n t i c a l  t o  those  of t h e  s teady case,  s o l u t i o n  (2) 

can be w r i t t e n  as 

I n s e r t i n g  r e l a t i o n s  (3) i n t o  Formula (2) y i e l d s  

It is  easy t o  cons t ruc t  a l a t t i ce  i d e n t i c a l  t o  t h a t  proposed f o r  t h e  s teady 

case, and s o  i t  is poss ib l e  t o  compute 4 by a f i n i t e  summation: 

where 

with 

and 

" \  F,, = ((P 4- 5) E,  (4  4- f) E )  = f P 4  + i gP4 

The real  p a r t  k of t h e  inf luence  c o e f f i c i e n t  .K has  as i ts  l i m i t  t h e  
P4 P9 

s teady  inf luence  coe f f i c i en t  when t h e  frequency w approaches zero: t h i s  i s  why 

t h e  same no ta t ion  i s  given it .  
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It is  important t o  inc lude  t h e  t e r m  e -iK(X ') i n  t h e  kernel .  

P4 

This term . 
varies f a i r l y  rap id ly ,  independently of t h e  mode F 

c a l l y  oppos i te  t o  t h e  v a r i a t i o n  of 

considered, and systemati-* 

f o r  t h e  1 term,. along with t h e  singu- JAl;;r' P9 
l a r i t y  l i n e s .  

k 

Computation of t h e  unsteady inf luence  c o e f f i c i e n t s  i s  much more d e l i c a t e  
.- - 

than t h a t  of t h e  s teady coe f f i c i en t s .  

t h e  whole accuracy of t h e  r e s u l t s ,  which i s  why s p e c i a l  ca re  has been given it. 

The accuracy of t h e i r  . .  computation a f f e c t s  . _ _  - 

I V . 1 .  Computation of t h e  Inf luence Coeff ic ien ts  

Computation from f i r s t  p r inc ip l e s  cannot go beyond t h e  f i r s t  i n t e g r a l ,  

where t h e  expression i s  already i n  Fresnel  i n t e g r a l s .  A s  numerical i n t e g r a t i o n  

i s  necessary,  i t  is  more e f f e c t i v e  t o  r e t u r n  t h e  problem t o  i t s  source.  Re- 

t a i n i n g  the  b a s i c  kernel  - ' 
(K(X + 11)) cos ( J G )  are approximated by in t eg rab le  l imi t ed  developments : 

t h e  sur faces  cos (K(X + v ) )  cos J ( 6 )  and s i n  4x7 
t h i s  

. 
has been done i s  Figure 10 by passing a second- 

degree su r face  through n ine  poin ts  of each 

square. When the  frequency increases  o r  t h e  

Mach number decreases ,  i t  can be necessary t o  

subdivide i n t o  four  those  squares adjacent  t o  

s i n g u l a r i t y  l i n e s .  With t h i s  method, computa- 

t i o n a l  t i m e  can be minimized by s t o r i n g  t h e  

values  of cos(K(A f 11)) and sin(K(h + u ) )  f o r  

t h e  whole computation, and r e t a i n i n g  border  

values  common t o  two squares.  

'1 

Figure 10. The r e s u l t s  are 
-4 - very accurate ,  each c o e f f i c i e n t  being computed wi th  _ _  accuracy - -grea te rJhan  1 0  .- - . ~ - - .  

IV.2. Truncation Errors  

These are fundamentally t h e  same as those of t he  s teady  case t r e a t e d  i n  

111.4. and 111.5. To handle  t h e  t runca t ion  e f f e c t s  p e r f e c t l y ,  i t  would be neces- 

s a ry  t o  consider t h e  complete ke rne l  of t h e  i n t e g r a l ,  as is  done f o r  t h e  inf luence  

coe f f i c i en t s .  The complication and computer t i m e  which such a so lu t ion  would 

16 



- and t o  z r equ i r e  l ead  t o  use of only the  p r i n c i p a l  p a r t  of t he  k e r n e l -  

t h e  assumption f o r  t h e  ca l cu la t ion  t h a t  t h e  movement i s  quasi-s ta t ionary i n  & 

each T.S. 

study of a rec tangular  wing with f i n i t e  o r  i n f i n i t e  span i n  bending o r  t o r s i o n  

( t h e  only cases with a n a l y t i c  so lu t ions  f o r  comparison [l2, 131. 

'V 

The v a l i d i t y  of t h i s  hypothesis has been confirmed by a systematic  

IV.3. Rectangular Wing of I n f i n i t e  Span i n  Bending 

The only e r r o r s  t o  be considered i n  t h i s  calculat iQn are: 
. ,  

(a)  t runca t ion  " internal" '  t o  t h e  wing, 

(b) computation and i n t e g r a t i o n  of t h e  C . 
P 

Indeed, t h e  computation of t h e  inf luence  c o e f f i c i e n t s  can be considered 

pe r fec t  i n  regard t o  causes (a)  and (b) .  The e r r o r s  of type (a)  are roughly 

propor t iona l  t o  the  t runca t ion  su r face  and they increase  with t h e  "character-  

i s t i c  frequency" f = R/n, where n i s  t h e  number of squares over t h e  chord. 

This c h a r a c t e r i s t i c  frequency can be considered t o  be  the  reduced frequency 

r e l a t i v e  t o  one square,  and no longer  t o  t h e  whole wing. To e l imina te  t h i s  

f a c t o r ,  t h e  s tudy w a s  made with f c  = 0.1, which corresponds t o  t e n  squares over 

t h e  chord f o r  R = 1. The t runca t ion  su r face  v a r i e s  from s i n g l e  t o  double when 

R goes from 1 t o  0.5. It is seen i n  Table I t h a t  t he  t runca t ion  e r r o r s  and 

those  due t o  computation of t h e  o v e r a l l  values  tend t o  compensate each o ther .  

Indeed, t h e  e r r o r  i s  s m a l l  f o r  t h e  real  p a r t  of C when Q decreases ( i . e . ,  when 

t h e  t runca t ion  su r face  increases). ,  and f o r  t h e  imaginary p a r t  of C it changes 

s ign .  I n  t h e  case of C t he  compensation is  no longer  s o  systematic ,  bu t  t h e  

e r r o r  i s ' n e v e r  g rea t e r  than 0.2%. 

.? 

C 

/10 

z 

z 

mx 

It should be r eca l l ed  t h a t  reduced frequencies  o the r  than 1 are t r e a t e d  

with a l imi t ed  number of squares ,  and t h a t  t h e  p rec i s ion  of these  computations 

can be improved. 

of causes of e r r o r  (a)  and (b) .  

The purpose of t h i s  s tudy is s o l e l y  t o  eva lua te  t h e  importance 
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IV.4. Rectangular Wing of I n f i -  
n i t e  Span i n  Torsion 

TABLE I. 

M = 2.  Length = 00. Bending. 
w 

The v a r i a t i o n  of boundary condi- 

t i o n s  wi th in  a s i n g l e  square,  cause 

' (c),  i s  added t o  those e r r o r s  a l ready 

s tudied .  This type of e r r o r  becomes 

l a r g e r  as t h e  d iv i s ion  becomes coarser .  

Since t h e  boundary condi t ions are 

w,(z, y) = I + i(2Q.4 

I -  I I I I 
- 0 , l  I -0,1:3 1 0,15 

-0,lO 1 -0,lO j 0,13 

0 , i  -0,09 1 -0,OT I 0,111 

1 +- 0,015 I + 0,Ol 

TABLE 11. t h e  v a r i a t i o n  occurs i n  t h e  imaginary 

p a r t ,  when t h e  preponderant in f luence  

1 c o e f f i c i e n t s  near  t h e  s i n g u l a r i t y  

l i n e s  are t h e  real c o e f f i c i e n t s  k 
This means t h a t  t h e  new cause of 

e r r o r  must be more s e n s i t i v e  i n  t h e  

imaginary p a r t s  of C and Cm than i n  

t h e i r  real  p a r t s .  It is  very char- 

acterist ic t o  see t h i s  e r r o r  increase  

when t h e  d iv i s ion  becomes coarser ,  

i .e . ,  when .Q approaches 0.5. With 

P9 

z 

M = 2. Length = co. Torsion. 
I 

l -  I I I I I . I  
1,59 -I, -0,112 1,59 

1 , 4 f k  - 0,!'5 1 ,:I8 

1 ,31 - 0,47 1,21 

1,19 - 0,'lS 1,05 

1,06 - 0,50 0,90 

- 0,s'' 0,80 0,98 I 

- 0,YI 

- 0,2s 

- 0,31 

- 0,36 

- 0,4' 

- O , 4 h  

TABLE 111. - 
,M = 2. 0 = 1. Bending. Length A va r i ab le .  

normal d iv i s ion  the  accuracy remains 

b e t t e r  than 1%, however (Table 11). 

IV.5. Rectangular Wing of 
F i n i t e  Span 1-1 1 I I I 

I -0,o.j I -0,15 1 - - , I5  1 - 0 , O G  

I , ?  I -0 ,o i  1 -0,"7 I -0, l l t  1 0,oo 
On decreasing t h e  length ,  t he re  

i s  an increase  i n  t h e  magnitude of 

t he  e r r o r s  due t o  determination of 

t he  s lopes  of t h e  cur ren t  shee t  up- 

stream (d) .  

1,4 I -0,03 I - 0.22 1 - 0.13 I 1 0.05 

-0,02 - O $ O  -0,12 0,os 

-0,OI - 0, lT --,I1 0,l' 

-0,004 - - , I6 - 0 , l I  0,14 

-- -- 

The bending s tudy (Table 111) shows t h a t  v a r i a t i o n  of length has  l i t t l e  in- 

f luence on t he  accuracy, and t h a t  t h e  e r r o r s  are analogous t o  those  f o r  bending 
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f =  2 .  R =  1. 

-I .' 

1 - 0,?7 

l,? -0J l  

I,/* -0,:1:3 

1,6 - 0,:El 

- 

1,s I -0,36 

I 

TABLE IV. 
Torsion. Length A va r i ab le .  

I I I 

1 , t l  - 0,GO 0 , j S  

.1,09 - 0,62 0,75 

1,Od - 0,63 0,Sfi 

1,07 - 0,63 0,::: 

1,OG - 0,63 0 ,2!  -- 
I ,O<  1 - o , G ~  I 0 , j l  

of an i n f i n i t e  span. This r e s u l t  is 

very remarkable, f o r  t h e  upstream 

t runca t ion  co r rec t ion  assumes t h a t  

t he  flow i s  quasi-steady, and t h e  

f a c t  t h a t  t h e  flow i s  not  conica l  

would have l e d  one ' t o  expect a poor 

determination of t h e  A - i e r m  of For- 
mula (13) @ 

. 
The to r s ion  study (Table I V )  

confirms t h a t  t h e  e r r o r s  (d) are 

s u f f i c i e n t l y  s m a l l  t h a t  t h e  r e s u l t  w i l l  be  as good as t h a t  f o r  t h e  wing of in- 

f i n i t e  span. 

The whole study of t h e  rec tangular  wing i n d i c a t e s  t h a t  i t  is n o t  u s e f u l  t o  

r e f i n e  t h e  determination of t h e  t runca t ions  i n  unsteady flow, s ince ,  thanks t o  

those  used he re ,  i t  i s  t h e  v a r i a t i o n  of t h e  s lope  wi th in  t h e  non-truncated 

squares which becomes preponderant. 

'i 

A f i n e r  d iv i s ion  would allow an improvement i n  t h e  accuracy, but  would /11 
considerably increase  t h e  computing t i m e ;  t he re fo re ,  a study of convergence f o r  

v a r i a b l e  d iv i s ion  seemed t h e  most e f f e c t i v e  way t o  increase  t h e  prec is ion .  

i n g  wi th  (n x n) , (2n x Zn) and (4n x 4n) d iv i s ions  , t h e  t i m e  f o r  computation 

i s  1.1 t i m e s  t h a t  f o r  t h e  (4n x 4n) alone; t he  f i r s t  two r e s u l t s  allow calcula-  

t i o n s  of a co r rec t ion  which corresponds t o  passing t o  (8n x Sn), which would 

r equ i r e  a computing t i m e  of t h e  order  of 1 6  t i m e s  t h a t  f o r  t h e  (4n x 4n). 

Work- 

' 

And so ,  thanks t o  t h e  t runca t ion  cor rec t ions ,  t he  v a r i a t i o n  of r e s u l t s  as 

a func t ion  of t h e  d iv i s ion  i s  a regular  func t ion ,  monotone f o r  t h e  cases s tudied  

u n t i l  now, and not  r e s t r i c t e d  t o ~ t h o s e  presented i n  t h i s  paper. 

To c a l c u l a t e  t h e  convergence cor rec t ion ,  one sets 
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sk ' 

'I. 

I 
where C (x) i s  t h e  value obtained f o r  an 

(n x n) d iv i s ion .  Placing s = - and 
t = -  

-~ 

1 
m 

z 
4 

k = l  ~ 1 
'y 

n y  
0 rlC, c, = C: (f) $- $' -& h. 

- _ -  (22) 

Fr m t h e  t h r e e  d iv is ions  which w e r e  

made, i t  i s  poss ib l e  t o  determine two 

po in t s  of t h e  curve $ ( s ) .  Extension ~ 

t o  s = 0 i s  e a s i l y  made by means of t h e  

dCz = a.sk (Figure 11). ds family of curves 
- 4  S 

Figure 11. 

Application of t h i s  co r rec t ion  t o  the  rec tangular  wing i n  t o r s i o n  gives  

f o r  $A = 2 ,  M = 2, $2 = 1: 
100 6C, / IC, 1 = 0,23 +- i 0,15 
100 SC,,,/ jC,,,, 1 = - 0,07 + i 0, lO 

% - _  i n s t ead  o f :  
100 6C,/ ICz 1 =: - 0,37 + i 1,04 
100 SC,,,,/ IC,,,,l = - 0,6 + i 0,71. 

I V . 6 .  Study of a Delta Wing - Comp'arison with Other Methods 

I n  t h e  case of a non-rectangular wing, d e l t a  f o r  example, t h e  i n t e r a c t i o n  

of t h e  upstream cur ren t  shee t s  on t h e  l e f t  and r i g h t  has  not allowed a n a l y t i c  

ca l cu la t ion  of t h e  so lu t ion .  

i t  is  poss ib le  t o  car ry  out such ca l cu la t ions  and t o  compare t h e  r e s u l t s  with 

those  obtained by t h e  method of M. Fenain and D. Guiraud-Vallge [9] and t h a t  of- 

L. Darovsky and R. Dat (141, t h e  l a t t e r  being based on t h e  so lu t ion  of t h e  in- 

Since t h e  method presented here  is very general ,  

.- _. - _._ _ -  

t e g r a l  equation which expresses t h e  s lopes as func t ions  of t h e  C * 
P 

The d e l t a  wing i n  t h e  comparison w a s  s tud ied  a t  M = & - f o r  a length  A = 2, 

a reduced frequency = 0.5, f i r s t  i n  bending, then i n  to r s ion .  

For bending, t h e  f i r s t  ca l cu la t ion  d id  not  inc lude  t h e  e f f e c t s  of curva- 

t u r e  of t h e  upstream cur ren t  su r f ace ,  i .e. , of t h e  c o e f f i c i e n t s  Ai* Figure 12 

shows the  r e l a t i v e l y  l a r g e  o s c i l l a t i o n s  of t h e  C 
j' 

cymes i n  t h i s  case. A seconc 
P 
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' P  * i  
C p  f o Without c o e f f i c i e n t s  A 

2 j  4 With c o e f f i c i e n t s  AL 
0, s j 

I .o fl 

o Without c o e f f i c i e n t s  A i 

* With Coeff ic ien ts  A i j 
.- 

7P 

j 

Figure 13. Figure 13. 

ca l cu la t ion  included t h e  c o e f f i c i e n t s  

Ai and t h e  o s c i l l a t i o n s  are about one-%: 

t e n t h  as l a rge .  It i s  poss ib l e  t o  draw 

t h e  C curves with good accuracy. 

j '  

P 

Af te r  i n t e g r a t i o n  over x t h e r e  is 

a poor d e f i n i t i o n  of t h e  d i s t r i b u t i o n  

of Cz and Cm a t  t he  T.E. i n  t h e  f i r s t  

. case, while  t h e  poirits "follow along"- 

very w e l l  f o r  t h e  second ca l cu la t ion  

(Figure 13). Over a l l ,  t h e  d i f f e rence  

is  only about 0.5% i n  t h e  real p a r t  and 

2% i n  t h e  imaginary p a r t ,  which leads  

one t o  hope t h a t  t h e  weak r e s i d u a l  os- 

. c i l l a t i o n  would cont r ibu te  only 0.1 t o  

0.2% i n  t h e  f i n a l  r e s u l t .  

The two numerical methods f o r  com- 

par i son  have about 5% [accuracy] i n  -_ t h e  

opinion of t h e  authors ,  and t h e  r e s u l t s  

confirm these  evaluat ions.  However, 

t h e  computations on t h e  rec tangular  

wing g ive  hope of an accuracy of t h e  

_. ..- 

order  of 1%. This is why a comparison w a s  made between: 

(a) t h e  e r r o r s  which appear i n  t h e  comparison methods' f o r  s t a b l e  flow, 
' r e l a t i v e  t o  t h e  a n a l y t i c a l  values;  and 

(b) t h e  d i f f e rences  between those  and t h e  method proposed here.  

The r e s u l t s  are given i n  Table V. 

/12 

It should b e  noted t h a t  t h e  similarities are most s t r i k i n g  i n  t h e  imaginary 

p a r t  f o r  bending and i n  t h e  real p a r t  f o r  t o r s ion ,  which w a s  p red ic t ab le  s ince ,  

when .Q -+ 0, t h e  imaginary p a r t  f o r  bending, divided by Q, approaches t h e  plane 
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TABLE V. 

Steady a n a l y t i c  
va lue  

I 

2,594 0,4323 -I 
P r op o s e d uns t eady 

method 

0,04516 0,0073 +j 1,2112 0,1935 

I 

2,5595 0,4309 

A! 3 0,6141 . ; 0,265 

Method of 
Darovsky and D a t  

Method of Fenain 
and Guir aud- V a l  1Qe 

. I - 5  
+ 481 

_. Bending 
1 ,  

i 0,9 i 0,6 i 1,7 - 1,8 

+ “‘5 + 3,7 + 0,9 - 5,k 

Torsion about t h e  mid-chord 

+ 4,s ’ + 4 , l  1 ,‘L - 4 

+ 0,6 + 3,1 0,7 - 3,2 

--? 

p l a t e  l i f t  e f f e c t  f o r  s t a t i o n a r y  flow, while  i n  t o r s i o n  it i s  t h e  real p a r t  

which approaches t h e  same l i f t  e f f e c t  . 

V. Conclusion 

Inc lus ion  of fundamental cor rec t ions  has  allowed an accuracy of t h e  order  

of 1% i n  t h e  t reatment  of wings i n  s teady o r  unsteady flow, even f o r  complicated 

shapes o r  modes. 

Fuzther, a s tudy of convergence of t h e  r e s u l t s  as a funct ion of t h e  f ine -  

ness  of d iv i s ion  w a s  c a r r i e d  out  sys temat ica l ly ;  t h e  co r rec t ion  der ived from it 

allows a f u r t h e r  improvement i n  accuracy, and eva lua t ion  of t h e  r e s i d u a l  e r r o r .  

This i nc rease  i n  accuracy corresponds t o  no more than 1/10 t h e  t o t a l  computa- 

t i o n  t i m e ,  whi le  t h i s  [ t o t a l ]  computer t i m e  would be mul t ip l ied  by about t e n  

f o r  a f i n e r  d i v i s i o n  giving t h e  same accuracy. 

i i Indeed, t h e  ca l cu la t ion  of t h e  c o e f f i c i e n t s  K. and A which allow reduc- 

t i o n  of t h e  e r r o r  from t h e  order  of 10% t o  1% a t  constant  d iv i s ion  represents  
J j 
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only one qua r t e r  of t h e  t o t a l  computer t i m e  f o r  a 20 x 20 d iv i s ion ;  f o r  an N x N 

d iv i s ion ,  the  t i m e  is  propor t iona l  t o  N ,  whi le  t h e  ca l cu la t ion  of t h e  inf luence , ,  

c o e f f i c i e n t s  is  propor t iona l  t o  N 2 ,  and t h a t  of @ is ,  properly,  t o  N . (3) Fur- 

t h e r ,  t he  computation of a s e r i e s  of modes, f requencies ,  and Mach numbers re- 

q u i r e s  ca l cu la t ion  of t runca t ion  and inf luence  c o e f f i c i e n t s  f o r  a l a r g e  number 

of cases. 

d iv i s ion  takes  two seconds, while  each one i n  a series of ca l cu la t ions  takes  

one second. 

15 seconds f o r  each i s o l a t e d  ca lcu la t ion ,  and t e n  seconds f o r  each one of a . 
group. 

an appreciable  improvement i n  accuracy would lead t o  computing t i m e s  g rea t e r  

than  a minute, which does not  seem use fu l  s ince  t h e  accuracy of t he  ca l cu la t ions  

presented he re  has  been obtained with only t h e  20 x 20 d iv is ion .  

\ 

For example, on t h e  Univac 1108 an i s o l a t e d  ca l cu la t ion  i n  a 20 x 20 

If a g r e a t e r  accuracy were des i red ,  a 40 x 40 d iv i s ion  would requi re  

This 40 x 40 d iv i s ion  i s  t h e  present ly  acceptable  l i m i t  f o r  t h e  program; 

Manuscript s'ubmitted 6 June 1969 

2 2 
(r3) N po in t s  of ca l cu la t ion ,  with computing t i m e  p ropor t iona l  t o  N 

f o r  each of them. 
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